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1 Introduction 

It took the genius of Henri Poincare to realize in 1905 that the symmetry un¬ 
derlying special relativity formed a group [1] and hence was amenable to a 
formidable machinery of mathematics. Then in his famous paper in 1939 Eu¬ 
gene Wigner [2] showed that the irreducible representations of the Poincare al¬ 
gebra can be classified by the spin of the representations (as well as the mass). 
The spin can be either integer or half-integer and we find naturally the bosons 
and the fermions on an equal footing. A quantum field theory must be invari¬ 
ant under this symmetry, and that is certainly one of the starting points for 
building a quantum field theory. Another one is, of course, gauge invariance, 
which introduces unphysical degrees of freedom and shadows the consequences 
of the Poincare symmetry. There are, however, gauge choices for which the 
unphysical degrees of freedom can be integrated out of the functional integral 
and then the remaining symmetry is just the Poincare one. These gauge choices 
are typically such that the light-cone components of the gauge field be zero. 
By also interpreting one of the light-cone directions as the evolution parameter, 
the ’’time”, one finds that the unphysical degrees of freedom satisfy algebraic 
equations and hence can be integrated out from the functional integral [3]. This 
process will introduce new interaction terms and, as we will see, also some mild 
non-locality into the interacting Lagrangians. The Poincare invariance is now 
obscured since some of the covariance is lost and it will indeed be non-linearly 
implemented. The generators can be found by introducing the solutions of the 
unphysical degrees of freedom into them and by making a gauge transformation 
to make sure one stays in the gauge. 

There is an obvious alternative way to construct these gauge fixed La¬ 
grangians, namely to take Wigner’s approach very literally. Poincare invariance 
is a physical symmetry, a global symmetry that we can test, and which we be¬ 
lieve must be an underlying symmetry of any theory. In some sense the gauge 
invariances are artificial. It is really only their global limits that we measure 
physically. Hence we only need to implement the global symmetries. If we 
construct a free quantum field which describes the physical degrees of freedom 
consistent with the Poincare invariance and other global symmetries, we can try 
to construct interaction terms with a coupling constant to extend the genera¬ 
tors such that they close again [4]. This means that these representations can 
be characterized by a parameter, the coupling constant. From the arguments 
above it is clear that the process must work at least for the known quantum 
field theories, and hence could be used to find new theories as well as to argue 
about the uniqueness of the known ones. 

In this talk I will show that all massless theories can be found in the latter 
way and that the procedure is very general. Among the theories discussed, we 
see that the spin-2 theory is just another field theory. There will be no hint 
of the equivalence principle or the covariance principle and the symmetry will 
be strictly just the Poincare one. Since this formulation will contain infinitely 
many interaction terms which have to be found by the procedure, it is obvious 
that only the first few terms can be found. The formulation will be useless 
for most purposes except questions about simple loop graphs in the quantum 
theory. Would this procedure have produced the Einstein theory on a different 
planet? This we can only speculate about, but it is possible. The process is 
more important when we turn to supersymmetric theories. Here it is seen that 
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the N = 4, Yang-Mills and N = 8 Supergravity theories stick out as very special 
theories indicating that there must be a close relationship among them. I will 
also show that the formalism is very natural to construct the corresponding 
theories in d = 10 and d = 11 [5], [6]. 

Finally one can also use this procedure to extend the representations to be 
written in terms of functionals, In this way one can show that there exist indeed 
Poincare invariant string theories but with very little freedom to construct such 
ones. 


2 Light-Frame Formulation of Field Theories 

We know since the time of Poincare, Lorentz and Einstein that relativistic dy¬ 
namics is invariant under the Poincare algebra. We start by working in a four¬ 
dimensional space with translations and rotations and boosts , where 
^ = 0,1, 2,3 and the metric is = (—1,1,1,1). (We will use both capital and 
lower case letters for the generators. The difference will be clear later.) The 
algebra is 



= 0, 

(1) 



(2) 

ja/3] 

= -k 77“^ -h 77“^^ -k 77^5^ J“^). 

(3) 


In this talk I will study representations of this algebra and show that we can 
find all relativistic field theories in a systematic way in this study. 

In his famous paper of 1949 Paul Dirac [7] argued that for a relativitistically 
invariant theory any direction within the light-cone can be the evolution param¬ 
eter, the ’’time”. In particular we can use one of the light-cone directions. For 
this discussion we will use x~^ = -^ (-I- as the time. The coordinates and 
the derivatives that we will use will then be 


so that 


X 

X 


(xi + iX2 ) 
-^{xi - iX2) 


d^ = ^{-do±d3) ; 
d=-^{di - i 82 ) ; 
d = -^{di + {82) , 


8 ^ X =8 x'^ = —1 ] 8 x = 8 x = +\ . 


(4) 

(5) 

( 6 ) 

(7) 


The derivatives are, of course, related to the momenta through the usual 
formula = —id^ and we use the light-cone decomposition also for p^. We 
will only consider massless theories so we solve the condition p^ = 0. We then 
find 


p+' 


P 


( 8 ) 
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The generator p~ is really the Hamiltonian conjugated to the light cone 
time x~^ and we see that the translation generators of the Poincare algebra 
are written with just three operators. We will use Dirac’s vocabulary that 
generators that involve the ’’time” are called dynamical (or Hamiltonians) and 
the others kinematical. Using light-cone notation and the complex one from 
above for the transverse directions, the most general form of the generators of 
the full Poincare algebra at a;"'" = 0 is then given by the four momenta 


p = -i— , p+ = -id+ , p = -id , p = -id , (9) 

the kinematical transverse space rotation 


j =j^^= xd — xd + X, 

(10) 

the other kinematical generators 


j'^ = ixd'^ , = ixd'^ , 

(11) 

and 


= ix~d^, 

(12) 


as well as the dynamical boosts 


J 

j 

There is one degree of freedom in the algebra, namely the parameter A which 
is the helicity. At this stage it is arbitrary and checking the corresponding spin 
one hnds, of course, that it is |A|. Hence the algebra covers all possible free field 
theories. We can let the generators act on a complex field (t){x) with helicity 
A, with its complex conjugate having the opposite helicity. This is the ”hrst- 
quantized” version. We can also consider the helds as operators having the 
commutation relation. 


dd 

- ix-d +iX^, 
d+ 

(13) 

dd 

- ix-d +iX^- 
d+ 

(14) 


[d+(t>{x),(l>{x')\=x'), (15) 

where hence the momentum field conjugate to (j) is d~^4)- 

We then introduce the ’’second-quantized” representation O in terms of the 
’’first-quantized” representation o as O = 2i J d‘^xd^<j){x) o (j){x). We then find 
that the commutator between two of the generators Ji and J 2 is 

[Ji,J2] = ‘2.i J d'^xd+4>{x)[ji,j2](l){x). 

We can understand that P~ truly is the Hamiltonian using equ.(8) 


(16) 
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Legendre transforming to the Lagrangian using the field momenta from 
equ.(15) we get the action 


/ — — — c)c) 

d^x[d'^(j){x)d~ -I- d'^(j){x)d~4>{x) — 2d^(l>{x) — (j){x)] 

= J d‘^xd^^{x)0(j)(x). (18) 

It is remarkable that there is a unique form of the kinematic term for any spin-A 
field. We should remember though that to specify the theory we have to give 
all Poincare generators, since the action via the Hamiltonian is just one of those 
generators. They will show what spin the field describes. 

In this representation it is straightforward to try to add interaction terms 
to the Hamiltonian. This was done in [4]. Every dynamical generator will have 
interaction terms. The procedure is very painstaking and there are as far as I 
know no other way than trial and error to find the non-linear representation. 
On the other hand, once such a representation is found it represents a possible 
relativistically invariant interacting field theory. The result is that for every 
integer A there exists a possible three-point interaction. For A even, the unique 
solutions are 


S = 


J d^x^4){x)0(l}(x 

n—0 

+ 0 { 9 ^)- 




,— (t>(x) -ra(a;)) -I- c.c. 


(19) 


For A odd, the field ^(t) must be in the adjoint representation of an ex¬ 
ternal group 4>°'{x) and we have to introduce the fully antisymmetric structure 
constants in the interaction terms to find a possible term. The results is 


S = 


r ^ /A\ - \ ,qA-n 5A > 

+5r^^[E(-iry0“(a^)a+^^^/(x)^</>^(x))+c.c.]} 


+0(9^)- 


( 20 ) 


We note the non-locality in the interaction term in terms of inverses of a^. The 
easiest way to understand it is to Fourier transform to momentum space. In 
the calculations it is really defined by the rule ^a+/(a;+) = f{x^). When 
performing a calculation one has to specify exactly the situation of the pole in 
a"*". In an sense this is a remainder of the gauge invariance. 

We can now check for special values of A. 


• X = 0 


The dimension of the coupling constant g is 1 (in mass units) and this is the 
usual (j)^- theory. This theory is superrenormalizable but not physical since it 
does not have a stable vacuum having a potential with no minimum. 
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• X = 1 

The dimension of the coupling constant 5 is 0 and this theory is nothing 
but non-abelian gauge theory in a specific gauge. If we go on we know that we 
need a four-point coupling to fully close the algebra. Note that the action has 
no local symmetry and the gauge group only appears as the external symmetry 
group. 

• X = 2 

The dimension of the coupling constant g is — 1 and this theory is the begin¬ 
ning series of a gravity theory. It is clear from the dimensions of the coupling 
constant that interaction terms to arbitrary order can be constructed without 
serious non-localities. The four-point function related to Einstein’s theory is 
known [ 8 ]. Going beyond the four-point coupling is probably too difficult, un¬ 
less powerful computer methods could be devised. We expect several solutions, 
of course, since we know that the Hilbert action is but the simplest of all ac¬ 
tions consistent with the equivalence principle. Note that the action above, 
which is a fully gauge hxed Hilbert action expanded in the fluctuations around 
the Minkowski metric, has no local symmetry, no covariance and knows nothing 
about curved spaces. It is probably useless for discussions about global proper¬ 
ties of space and time but can be useful in the study of quantum corrections; to 
understand the finiteness properties of the quantum theory. 

• X> 2 

The dimension of the coupling constant g is < — 1 and these theories are 
theories for higher spins. Again they are non-renormalizable in the naive sense 
like the the spin-2 theory above. There are strong reason to believe that these 
theories cannot be Poincare invariant one by one when we go to higher orders 
in the coupling constant, but the result above is an indication that certain sums 
of such theories interacting with each other could possibly be invariant theories. 

We can also find interacting solutions for A half-integer. We can, of course, 
not have a three-point coupling. We will in fact not be able to find self¬ 
interacting theories but have to consider the coupling of the half-integer spin 
field to an integer spin field. We then find that we can couple a spin-^ field 
to a spin -1 or a spin -0 field to recover in the first case a non-abelian gauge 
field coupled to a spin-^ field in a representation characterized by i of 

the external group such that we can have a coupling with the 

Clebsch-Gordan coefficient. It is interesting to note that it is only in the inter¬ 
acting theory that we can prove the spin-statistics theorem [9]. The formalism 
demands the spin-^ field to be of odd Grassmann type and the integer spin fields 
to be even. Note that there is no spinor space. The spin-i field is a complex 
(Grassmann odd) field with no space-time index. Its equation of motion looks 
just like the one for a bosonic field. (Remember the free equation the follows 
from equ. (18).) However, the dimension of the field tp^x) is different from the 
one of the bosonic field, so the free action is 

S' = y dPxd'^'i[){x)—'il}{x). (21) 

The fact that we do not need to use spinors is very special for d = A, since the 
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transverse symmetry which is covariantly realized is SO{2) « C7(l), which does 
not distinguish spinor representations. 

We have hence seen that we can find all known unitary relativistic field 
theories as representations of the Poincare algebra, and we see their uniqueness 
and also what kind of possibilities there are for higher spin fields. In a gauge 
invariant formulation one can attempt to add in new terms that are gauge 
invariant. Invariably they lead to problems with unitarity. We do not see those 
terms here since the theories are unitary by construction. 

3 Light-Frame Formulation of Supersymmetric 
Field Theories 

I think that Poincare would have been very interested in supersymmetry. It 
is an extension of the Poincare algebra and hence a restriction on relativistic 
dynamics. It is true that the world does not look supersymmetric as such, but 
a good working hypothesis is that at some stage supersymmetry is indeed a 
symmetry of the world. 

Supersymmetry is an augmentation of the Poincare algebra with a spinor 
generator Qa with the anti-commutator 

{Qa,Qf3} = (22) 

The spinor Qa is four-component. It satisfies the so-called Majorana condi¬ 
tion which makes it real in a certain representation of the y-matrices. In the 
light-cone frame the spinor splits up into two two-component spinor that can be 
rewritten as two complex operators, which we call Q+ = — and Q- = 

— |y_y+Q. From the Clifford algebra {y^, y"^} = 27 ]'^’' with rj = diag{—l, 1,1,1) 
we see that Q = Q+ + Q-, and that the products —^y+y_ and —iy_y_|_ are pro¬ 
jection operators. We can linearly combine the two components of the spinors 
into complex entities with no indices. We can also augment by letting the Q’s 
transform as the representation N under SU{N). The light-cone supersymme¬ 
try algebra is then 


{Q^,Q+n} = 

-V2S:^P+ 

(23) 

{Q^,Q-n} = 

-V25^P- 

(24) 

{Q^,Q-n} = 


(25) 


where all other anticommutators are zero, except for the complex conjugate of 
the last one. The indices m, n run from 1 to N. 

The superPoincare algebra can now be represented on a superspace with 
coordinates x^,x,x, 0 ™, 9n, where the coordinates 0 ™ and are complex con¬ 
jugates, Grassmann odd and transform as N and N under SU{N). We will 
denote their derivatives as 


dm 


d 

d9^ ’ 


dm 



(26) 


The Q’s are then represented as (We use the notation with lower case letters 
for operators that act on the field.) 
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and the dynamical ones as 

< 7 - = !:<?+> q-^ = ^<!+m- ( 28 ) 

On this space we can also represent ” chiral” derivatives anticommuting with 
the supercharges Q. 


^ _gm _ ^Qra Q+ J ^ ^ 9+ 

V 2 ^/2 

which satisfy the anticommutation relations 


{d™, J„} = . 


To find an irreducible representation we have to impose the the chiral con¬ 
straints 


d™0 = O; J™0 = O, (31) 

on a complex superfield (/)(x^, t, x, 0™, d„). The solution is then that 

4> = 4>{x'^,y~ = x~ - ^e^o^,x,x, 6 '^). (32) 

We now have to add in d-terms into the Lorentz generators to complete the 
representation of the free algebra. The result is for A = 0 

j = xB — xd + , (33) 

where the little group helicity generator is 

51 ^= ].{9^B,-e,B^)-^^{d^d,-d,dn. (34) 

It ensures that the chirality constraints are preserved 

[i, c?™] = [j = 0 • (35) 

The other kinematical generators are 

= ixB^ , = ixB^ . (36) 

The rest of the generators must be specified separately for chiral and antichiral 
fields. Acting on (j), we have 

j+- = ^J:-^+-^-{e% + 0pBn , (37) 

chosen so as to preserve the chiral combination 

[j^~ ,y~] = -iy~ , (38) 
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and such that its commutators with the chiral derivatives 

[ ,d"^] = ^ d™ , [ j+- , 4 ] = ^ 4 . (39) 

preserve chirality. Similarly the dynamical boosts are 


dd 

— ix d + i ' 

+ 

i 

{dF dp 

- dp dF) 



AV2d+ 

/ d+ 

dd 


( - 

i 





— ix~ d + i ' 

[OpdP + 


{dFdp 

- dp dF) 


AV2d+ 

) d+ 


They do not commute with the chiral derivatives, 

, [j-, , (41) 

but do not change the chirality of the fields on which they act. They satisfy the 
Poincare algebra, in particular 

= ir ■ (42) 

We can now follow the same path as we did in the last section to go over to 
a ’’second-quantized” version in terms of integrals over the superfield and then 
add interaction terms to the dynamical generators and try to close the algebra. 
In this way we can construct all the known supersymmetric field theories as 
different representations of various supersymmetry algebras with different values 
of A and N. It is particularly interesting to study the cases N = Ax integer. 
For those values one can impose a further condition on the superfield </> namely 
the ’’inside out” condition 


dmi dm2 


^e^,m2 ...m„/2 ...miv-imjv ...d™"-^ d™" ^ . (43) 


We can now construct three-point interaction terms for any — even in the 
dynamical generators. This is certainly a tedious exercise based on writing the 
most general terms in the interaction terms and then check the full algebra. 
The resulting action is [10] 


S' = 


+ 

+ 


□ 


(Txd^ 9d^ 9 {9) d) 

d+- 


y [E(-1)” (i) d)a^-”a+”</)(x, 9)d-d+ " "Xx, 9) 

]+0{g^). (44) 


When ^ is odd, again the superfield has to transform as the adjoint repre¬ 
sentation of an external group with structure constants The corresponding 
action is then 
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(Txd"9 < (j)°'{x,9) - jj-4)°'{x,9) 


" )-^r{x,9)d^--d+^<i>\x,9)d-d+ ^ 

n=0 \'^ J a 

: } + 0{g^). (45) 


We note that we can construct theories with higher spin if ^ > 2. These 
are then very special combinations of the theories constructed in the previous 
section, with better quantum properties, since we know by experience that the 
more supersymmetry there is the better are the quantum properties. 


3.1 Mciximally supersymmetric Yang-Mills Theory 

The case Y = 4 is especially interesting [11]. All the physical degrees of freedom 
are present in the superfield which can be expanded as 

= ^A{y) + ^ 9^ r {y) + 10-0" 9^ 0« d+ A {y) 

+ ^ Xmiy) + ^0^ e- 9^ x'^iy) . (46) 

The fields A and A constitute the two helicities of a vector field while the 
antisymmetric SU (4) bi-spinors represent six scalar fields since they satisfy 


C = - e 

^ mn 2 ^fTinpq ^ 


(47) 


The fermion fields are denoted by y— and Xm- All have adjoint indices (not 
shown here), and are local fields in the modified light-cone coordinates . This 
is the maximal supersymmetric Yang-Mills theory. The full action is known [3] 


5 = - 1 d^x I + + 

_g2ja,c jade(^ (^'^ d+ 4>1 + ^ 1 }• (48) 

With this action it was shown [13] that the perturbation expansion is finite. 
There is no need for renormalization and the theory is very special. It is one of 
the cornerstones of modern particle physics. From the point of this lecture it 
appears as a very special representation of the superPoincare algebra. 

3.2 Mciximal Supergravity 

The next case is Y = 8 [12]. In this case the superfield can be expanded as 



Light-Cone Field Theory 


11 




where 

^mi ... irin 


^XrnuAy)- Crnnpr{y) + 

+ z etl d+ A^-{y) + a+ x^{y) + h {y) , (49) 


... 6»" 


0(n) 

^ni ... ng-Ti 


^mi ... rrin ni ... ng 


• ( 50 ) 


The helicity in the field goes from 2 to —2 and the theory has a spectrum 
comprised of a metric, twenty-eight vector fields, seventy scalar fields, fifty-six 
spin one-half fields and eight spin three-half fields. This theory is the maximal 
supergravity theory in d = 4. The action can be simplified [6] to 


S = J d'^xd^ed^e i^<p{x,e)-^(j){x,9) + ^ g (I) d (j) d (j) + c.c. 1+0(5^). 

(51) 

The computation of the four-point coupling is in progress [14]. It is remark¬ 
able that the actions for the maximally supersymmetric Yang-Mills Theory and 
Supergravity Theory are so similar. In some sense the Supergravity Theory is 
just an extension of the Yang-Mills one. In the modern particle physics these 
two theories are very intimately connected even though the direct physical con¬ 
sequences of them look quite different. 


4 Light-Frame Formulations of Higher Dimen¬ 
sional Theories 

The procedure to find representations of the Poincare algebra that we have 
followed in the previous section can, of course, be extended to field theories in 
dimensions of space-time higher than four. The covariant subalgebra which will 
be linearly realized is then SO{d—2), so the physical fields will be representations 
of this algebra and hence characterized by these representations like we used 
helicity to distinguish the physical fields in four dimensions. If we just implement 
Poincare invariance as in sect.2 we can, in principle, find all the possible field 
theories. However, the procedure gets easily tedious and furthermore there 
are few interesting quantum field theories in higher dimensions because of the 
renormalization problems. The only ones that are discussed are supersymmetric 
field theories since they are connected to the Superstring Theory. The ones 
that we have been interested in are the ones which lead to interesting field 
theories when compactified to four dimensions, so let us concentrate on those. 
The ones I will discuss here are ten-dimensional SuperYang-Mills and eleven¬ 
dimensional Supergravity which under compactification leads to the maximal 
theories discussed above. 
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4.1 Ten-Dimensional SnperYang-Mill Theory 

The physical degrees of freedom of this theory are 8v and an Sg. If we insist 
that the superfield should be a representation of the transverse SO{8) it must 
be in one of the representations above. Since the natural spinor coordinate will 
also be an Sg, such a superfield must include 8x2® components and must hence 
be very strongly restricted. Such a formalism has been developed [15], but it is 
not clear that the formalism is useful. Also it is not easily generalizable to the 
eleven-dimensional case. Instead I will describe a recent procedure developed 
in [5]. 

The idea is to use the same superfield as in four dimensions. In order to 
do that we have to sacrifice the explicit covariance under SO{8) and use the 
decomposition 


S'C>(8) D £'0(2) X £0(6) . (52) 

Since £0(6) ~ £C/(4) we can identify the £0(4) as the external symmetry 
group in the superfield equ. (46). The remaining symmetry £0(8)/(£0(6) x 
£0(2)) will transform among the components of the superfield. First of all, the 
transverse light-cone space variables need be generalized to eight. We stick to 
the representions used in the superfield, and introduce the six extra coordinates 
and their derivatives as antisymmetric bi-spinors 


^ ^ + 3 4“ i 30m -t- 6 ) 


= ^{dm + 3 + idm + 6) , (53) 


for m 7 ^ 4, and their complex conjugates 


f —if 7.™" • 

^pq — 2 ^pqTnn ^ 7 


f) — - f 

^pq — 2 ^ 


(54) 


Their derivatives satisfy 


= (Sm^SJ-Sm^SnP); Xp, = ( 5% <5% - (5% ) , (55) 

and 


gmn ^pq 


1 gpqrs gmn 

2 


Xrs 


^mnpq 


(56) 


There are then no modifications to be made to the chiral superfield, except for 
the dependence on the extra coordinates 


A{y) = A{x,x,x^‘^,Xmmy ). etc... . (57) 

These extra variables will be acted on by new operators that generate the higher¬ 
dimensional symmetries. 


4.2 The SuperPoincare Algebra in 10 Dimensions 

The SuperPoincare algebra needs to be generalized from the form in four di¬ 
mensions. One starts with the construction of the £0(8) little group using the 
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decomposition SO(8) D SO(2) x SO(6). The SO(2) generator is the same; the 
S'0(6) ~ SU(4) generators are given by 

+ ^^^(d"^d„-d„d"^) + ^^^(dPdp-dpdnS"^n. (58) 

Note that we use the same spinors as in 4 dimensions because of the decomposi¬ 
tion SO{8) D SO{2) X SO{6), where SO{6) ~ 5'C/(4). The extra terms with the 
d and d operators are not necessary for closure of the algebra. However they 
insure that the generators commute with the chiral derivatives. They satisfy 
the commutation relations 


7 — 0 7™ nP — d™ iP - SP 7 

J i J n — J n J J q — ^ q J n ^ n J 


q ■ 


(59) 


The remaining SO(8) generators lie in the coset SO{8)/{SO{2) x SO{6)) 


jpq = xdP'^ - xP’^ d + ^d+ eP 0‘^ - iV2 — dP 8“^ + dP , 

V 2 8 + y/28+ 


Jn 


— X 8 uiji Xjjin 


8 + -^8''~ 9mdn- iV2-^ 8jn8n+ ^ dm dn(60) 


All SO{8) transformations are specially constructed so as not to mix chiral and 
antichiral superfields, 


[j™" , dp] = 0 ; [jmn , dP] = 0 , 
and satisfy the SO{8) commutation relations 


(61) 


j , 

■mn 

_ -mn 

J 5 

J 5 Jmn 

m 

n 

JPQ 
•> J 

= d\j^p- 

5P^r<i , 

■mn 

j jpq j 

= S^pj\ + 

d^qj'^p 


= -Jr. 


n 5 Jpq 


— Xm ■ _ sm ■ 

— ^ q Jnp ^ P Jnq 5 


Rotations between the 1 or 2 and 4 through 9 directions induce on the chiral 
fields the changes 


64> = 

where complex conjugation is like duality 

1 


^Pq 2 ^mnpq ^ 


(62) 


(63) 


For example, a rotation in the 1 — 4 plane through an angle 6 corresponds to 
taking 9 = oji 4 = UJ 23 (= by reality), all other components being 
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zero. Finally, we verify that the kinematical supersymmetries are duly rotated 
by these generators 


[j™ , g+p ] = <5% qT - ql ; [jmn ,ql] = sjq+^- 6^^ . (64) 

We now use the SO{8) generators to construct the SuperPoincare generators 


= ixd~^ ; j~^ = ix d~^ 


j+mn ^ -^mn 


5+ 


j mn 


. 3 + 


The dynamical boosts are now 


(65) 


j 


dd 




d+ 


1 ^ 
4 d+ 


ix-d + i^[e^dm + -^^^{dFdp-dpdF)]- 
^0P0<i - 5P a? + -i^dp 1 , (66) 

V2 d+ 729+ J ^ ^ 


and its conjugate 


J = IX 


dd + ldpgdP<^ 


d 


9+ 9+ 

_ 0 - y^d d 

4 9+172^'’^" 


{0^9- + ^^{d^dp-dpdn} 


472 9+ 


(67) 


The others are obtained by using the SO{8)/{SO{2) x SO{6)) rotations 


J-™ = [j- , rn ; J-n^n = [j- , jmn] ■ (68) 

We do not show their explicit forms as they are too cumbersome. The four 
supersymmetries in four dimensions turn into one supersymmetry in ten di¬ 
mensions. In our notation, the kinematical supersymmetries g" and q_|_„, are 
assembled into one SO{8) spinor. The dynamical supersymmetries are obtained 
by boosting 


i[j ,q+] = Q"", i[j ,q+m] = Q„ 


where 


(69) 


Q„ 


9+ 

9 _ 


1 9” 


2 9+ 

1 a 


q+, 


2 9+ 


mn n 
1 + 


They satisfy the supersymmmetry algebra 

1 


{Q™, Q„} = zV2SZ^(dd+ -dp.dP'^) , 


(70) 


(71) 
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and can be obtained from one another by SO{8) rotations, as 

[f\Q^] = 4Q„ , (72) 

while 

[~Jpg,Q^]=0. (73) 

Note also that 

{Q^,ql} = , (74) 

4.3 The Generalized Derivatives 

The cubic interaction in the = 4 Lagrangian contains explicitly the derivative 
operators d and d. To achieve covariance in ten dimensions, these must be 
generalized. We propose the following operator 

_ _ I rv — — 

^ ^ 9+ , (75) 

which naturally incorporates the rest of the derivatives 9^'^, with a as an arbi¬ 
trary parameter. After some algebra, we find that V is covariant under SO(8) 
transformations. We define its rotated partner as 

ymn ^ 

where 

1 cv — — 

^ gmn -^^ ^mnrs g ( 77 ) 

4^29+ 

If we apply to it the inverse transformation, it goes back to the original form 

7p,,V™] = , (78) 

and these operators transform under SO{8)/{SO{2) x SO{6)), and SO{2) x 
S'0(6) as the components of an 8-vector. 

We introduce the conjugate operator V by requiring that 

= (W) , (79) 

with 

7 rv — 

V = 9 -k —^— dP d‘> 9p„ . (80) 

4v^9+ 

Define 

^ mn = ^ J jmn 7 (^ 1 ) 

which is given by 

_ _ 2 0 ; — 

mn ^mn 4 ^ ^ ^mnrs ^ 
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We then verify that 

= . (83) 

The kinetic term is trivially made S'0(8)-invariant by including the six extra 
transverse derivatives in the d’Alembertian. The quartic interactions are obvi¬ 
ously invariant since they do not contain any transverse derivative operators. 
Hence we need only consider the cubic vertex. In the paper [5] it is shown that 
to achieve covariance in ten dimensions, it suffices indeed to replace the trans¬ 
verse d and 9 by V and V, respectively. This is done by checking the invariance 
under the little group SO{8). Together with the result from four dimensions 
this is enough to warrant invariance under the full superPoincare group in ten 
dimensions. In this process the parameter a is determined to be 1. The full 
action is then 


■mn y 


This action is suitable in order to investigate the perturbative properties of 
the theory. It is, of course, non-renormalizable but has still remarkable proper¬ 
ties that Nature might use. One can also study possible higher symmetries of 
this action. 

4.4 Eleven-Dimensional Supergravity 

N = \ Supergravity in eleven dimensions, contains three different massless 
fields, two bosonic (gravity and a three-form) and one Rarita-Schwinger spinor. 
Its physical degrees of freedom are classified in terms of the transverse little 
group, S'0(9), with the graviton transforming as a symmetric second- 

rank tensor, the three-form as an anti-symmetric third-rank tensor 

and the Rarita-Schwinger field as a spinor-vector, {M, N,... are ^(^(Q) 

indices). This theory on reduction to four dimensions leads to the maximally 
supersymmetric N = 8 theory. 

In order to use the formalism and especially the superheld equ. (49) devel¬ 
oped in four dimensions for the maximally supersymmetric N = 8 theory we 
have to decompose 


S'C>(9) D SO{2) X S'0(7) . (85) 

The SO{7) symmetry can in fact be upgraded to an SU{8) symmetry. How¬ 
ever, it is important to remember that it is really the SO{7) which is rele¬ 
vant when we “oxidize” the theory to d = 11 and the coordinates 0™ and 
On used in the four-dimensional case will now be interpreted as spinors under 
SO{7) X SO{2). To distinguish this we will change the notation to, n to a, P 
for the spinors and use the notation a, b for the vector indices of SO{7). 

The first step is to generalize the transverse variables to nine. In the Yang- 
Mills case, the compactified S'0(6) was easily described by S'[/(4) parameters 
and we made use of the convenient bi-spinor notation. In the present case, the 
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compactified SO{7) has no equivalent unitary group so we simply introduce 
additional real coordinates, a;“ and their derivatives i9“(where a runs from 4 
through 10). The chiral superfield remains unaltered, except for the added 
dependence on the extra coordinates 

h{y) = h{x,x,x°',y~) , etc... . ( 86 ) 

These extra variables will be acted on by new operators that will restore the 
higher-dimensional symmetries. 


4.5 The SuperPoincare Algebra in 11 Dimensions 


The SuperPoincare algebra needs to be generalized from its four-dimensional 
version. The SO{2) generators stay the same and we propose generators of the 
coset SO{9)/{SO{2) x SO(7)), of the form, 

= -i(x(9“ - a;“9) -b r ( 7 “)„. 6 I^-9“ ( 7 “)^ . 






(87) 


- b 


nO /3 , 


j = -i(^xd^ - x^ d) + 9+ ( 7 '’) op 

* dail^’T'^ dp 


a /3 = 


V^9+ 


90(7") ' dp 


2V2d+ 

which satisfy the SO{9) commutation relations. 


( 88 ) 


•a 

•a 

■b 

3 , 3 

= 3 , 

3 , 3 

cd -a 

1 J 

= ,5“/ - 

^dajc 


= -J 


J ,J 


■ -ab I ca 6 • 

= + 0 J 


(89) 


where j is the same as before, and the SO{7) generators read, 

= - z (9'’ - x'’ 9'’) + 0 “ ( 7 “)“ ^ {-t^f " da 

+ h ( 7 “)“ "" ( 7 ')'' " a- - ( 7 “)“ "" ( 7 ')'' " da. (90) 

The full SO{9) transverse algebra is generated by j , j°‘^ , and j^. All rota¬ 
tions are specially constructed to preserve chirality. For example. 


[f ,dc] = 0 ; [/, d“] = 0 . 

The remaining kinematical generators do not get modified, 


3 "" = 3^ 


3^ = 3^ 


while new kinematical generators appear, 

= ia;“9+ ; = ix^d+ . 


(91) 

(92) 

(93) 
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We generalize the linear part of the dynamical boosts to, 


j 


l X 


dd + \ d°- d°- _ d 

- — ix o + i 


d+ 


d+ 


{ 




1 9“ 
4 9+ 


4v^9+ 

{a+ 


((i“ - do, d“) } 

(94) 


The other boosts may be obtained by using the SO{9)/{SO{2) x SO{7)) 
rotations, 


r“ = [r,j“]; r' = [r,j']- (95) 

We do not show their explicit forms as they are too cumbersome. The dynamical 
supersymmetries are obtained by boosting 

[j~ , q+r,] = = 

[r,9?] = = 

They satisfy, 

and the supersymmetry algeb 

{Q“, = ^V2 (5%^(a9+ . (98) 

Having constructed the free iV = 1 SuperPoincare generators in eleven di¬ 
mensions which act on the chiral superfield, we turn to building the interacting 
theory. 

4.6 The Generalized Derivatives 

The cubic interaction in the N = 8 Lagrangian explicitly contains the transverse 
derivative operators d and d. To achieve covariance in eleven dimensions, we 
proceed to generalize these operators as we did for = 4 Yang-Mills. We 
propose the generalized derivative 


* g-i- ^ 'PP^^ d+ ’ 

= -(7 “)“''a“, (97) 


V = 8 + (99) 

which naturally incorporates the coset derivatives 9™. Here ct is a parameter, 
still to be determined. We use the coset generators to produce its rotated 
partner V by. 




[V,j“] = V' 


( 100 ) 
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It remains to verify that the original derivative operator is reproduced by 
undoing this rotation; indeed we find the required closure, 

[ V“, j'’] = V 

The new derivative ( V , V“ ), thus transforms as a 9-vector under the little 
group in eleven dimensions. We note that a is not determined by these algebraic 
requirements. Instead, its value will be fixed by requiring that our generalized 
vertex satisfy the correct invariance requirements. We define the conjugate 
derivative V, by requiring that 

= (V(/)) . (101) 

This tells us that, 

V ^ d + (102) 

This construction is akin to that for the TV = 4 Yang-Mills theory, but this 
time it applies to the “oxidation” of the {N = 8, d = 4) theory to {N = 1, 
d = 11) Supergravity. This points to remarkable algebraic similarities between 
the two theories, with possibly profound physical consequences. It remains to 
show that the simple replacement of the transverse derivatives d,d by V, V in 
the {N = 8, d = 4) interacting theory yields the fully covariant Lagrangian in 
eleven dimensions. 

This can be done by checking the invariance under the little group SO{9). 
This is a very tedious exercise which was done in paper [6]. Indeed it is possible 
to show that the three-point coupling is invariant for the specific choice of cr = 
—>72 and the eleven-dimensional supergravity theory can be written as 

S = J di°xd®dd®d|^(x,d)^,^(T,d) + V<^V,^ + c.c.]}+0(5"). 

(103) 

The computation of the four-point coupling is in progress. With it one can 
study various properties of this theory, such as the one-loop graphs. They will 
diverge but there might be ways to add more fields to get convergent answer. 
This is the long term goal of this project. One can also study the symmetries 
of the action. It is clear that the action is quite unique and has a profound 
role in modern particle physics and any symmetry that can be found for this 
action is a genuine physical symmetry. This theory is also the low-energy limit 
of the mystic M-theory which is supposed to be the underlying theory to all 
string theories. This theory is shrouded in mystery and any attempt to better 
understand the supergravity theory can help us eventually understand M-theory. 

5 Strings 

We have so far studied the physics of point-particles. We can ask what happens 
if we extend this programme to also study one-dimensional objects, strings. The 
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fields will then be functionals <I>(a;(cr)) and the corresponding theories will be 
functional field theories, which is a subject much less understood. However, we 
can get far by studying the ’’first-quantized” version. 

The relativistic dynamics of extended bodies is quite difficult to handle. 
There is the severe problem of simultaneity. A string that moves will in general 
have different times along it. There is one exception, though, and that is if we 
choose ’’time” to be one of the light-cone directions. We can, in fact, choose the 
same x'^ along the string. But this is just the time we like to work with! We 
also have to specify the boundary conditions for the string. Either we choose an 
open string or a closed string. We here treat them both but specify the length 
to be TT. We introduce a momentum density and demand the commutation 
rules 


[x>^{a),p''{a')] = i6{a - 


(104) 


We can now try to imitate the algebra in the point-particle case and try the 
following generators at x'^ = 0 


+ _ 


= P 


(105) 


J 


P = 

P = 

+3 — 


/ d(jp\a), 


da {{p\a)f + {x\a)f), 


da {x''{a)iP {a) — (x^ (ct)p*(ct)) , 


.■+- 


J = 




[ da{x (cr)p*(CT) - (x*(ct)p (cr)). 
Jo 


In this expression f, j denote the transverse directions and p~{a) is the 
integrand of p~. The function x~{a) is an unknown function, which will be 
determined such that the algebra closes. The closure of this algebra was estab¬ 
lished in the famous paper of Goddard, Goldstone, Rebbi and Thorn [16]. The 
remarkable result is that it only closes if the dimension of space-time is d = 26. 
This was a very surprising result at the time. 

Gonsider an open string with the parametrization 


x*(ct) = X* -f l ^ 


-a„ cosna, 


n/0 


where the oscillator modes a satisfy 

= m5jn+n,o5'-^ ■ 

Insert this into the generator p~. 

A 2 oo 

P 1 7 7 

P - ^ ^ 

^ ^ n—1 


(106) 


(107) 


(108) 
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or 


= = (109) 

n—1 

The string constitutes an infinite set of harmonic oscillators. If we compute 
the lowest mass state we will only have the zero-mode fluctuations of all the 
oscillators [17]. The frequency is essentially n and the computation gives 


m 


2 


d-2 

2 


^n = 


d-2 

2 


Y^n * 


|s = -l — 


d-2 

24 


( 110 ) 


In this calculation we used a ((-function renormalization of the infinite sum. In 
the orginal paper [17] we used a renormalization of the velocity of light which 
is the velocity with which the phonons on the string travel. 

The spin-1 state must be massless so this scalar state is a tachyon with 
mass‘d = —1. (We have suppressed a mass scale, which does not affect the 
argument). Again we see that it only works for d = 26. 

We note that a string formalism is much more constrained than the corre¬ 
sponding one for point-like particles. The formalism above is a representation 
of the Poincare algebra but it is unphysical. 

How can one find a representation which is physical in the sense of not 
having any tachyons? Equ. (110) is the crucial one to understand. The only 
way is to cancel the negative contribution from the zero-point fluctuations with 
a corresponding positive contribution. We know that the zero-point flucutation 
from a fermionic oscillator is negative so an infinite sum like the one above over 
fermionic oscillators could cancel the term from the bosonic ones. Suppose we 
introduce a Grassmann coordinate A^((t). It should lead to a cancellation if 

satisfy the same boundary conditions as x^. In fact scrutinizing possible 
boundary conditions one finds indeed that such conditions are possible, but 
there is also another sector with modes with half-integer frequencies. This sector 
would again lead to tachyons. The two sectors found are the Ramond [18] and 
the Neveu-Schwarz [19] sectors. One could also try to use a spinorial coordinate 
0°‘(cr) . This can only be done in d = 3,4,6 or 10, since in the transverse space 
the vector and the spinor then have the same dimension. The latter model is 
the Superstring Model [20]. 

Adding in the Grassmann coordinates into the Poincare generators one finds 
that the algebra does indeed close in d = 10. Furthermore one finds that one 
can construct the full d = 10 superPoincare algebra. By playing with open and 
closed strings and combining the d = 10 with the d = 26 model one finds that 
one can construct five different string theories. These have been the basis for 
much of the work in string theory for the last twenty years. 

It is remarkable that there exist only five different physically consistent rep¬ 
resentations of the superPoincare algebra in terms of strings. They can all be 
found quite simply by just trying to construct representations of the Poincare 
algebra. For a detailed study of this method, see [21]. 
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6 Continuous Spin Representations 

There are other representations found by Wigner that do not seem to be real¬ 
ized in Nature. These are the “continuous spin representations” (CSR), which 
describe a massless object with an infinite number of helicities. Wigner himself 
argued [22] against their use in physics since they lead to infinite heat capacity 
of the vacuum. 

They are found by scrutinizing the generators in sect. 2 writing them in an 
arbitrary dimension. In fact they are not the most general. In fact one can add 


an operator T* into j *, 

i being the transverse index. 


r = 

2 

(Ill) 

where the T* transform 

as SO{d — 2) vectors 



[s^3 , T^] = , 

(112) 

and satisfy 

[T\T^] = . 

(113) 


When m 7 ^ 0, /m are the generators of SO{d— l)/SO{d— 2), which together 
with S'b, complete the massive little group SO{d — 1). When m = 0, the T* 
commute with one another, acting as light-cone translations, and the algebra 
can be satisfied in two ways: 

• T* = 0. This corresponds to the familiar massless representations which 
describe particles with a finite number of degrees of freedom, realized on 
states that satisfy 


(ai,...,a,) > = 0, (114) 

where (oi,..., a^) are the Dynkin labels of SO(d— 2) representations and 
r is the rank of the little group. These label the different helicity states 
of the massless particle. In four dimensions, the Pauli-Lubanski vector is 
light-like. 

• T* 7 ^ 0. In this case, T* are the c-number components of a transverse 
vector. The states on which the Poincare algebra is realized are 

f I f, (ai,...,ar) > , (115) 

which have additional labels, in the form of a little group vector . There 
is an important difference from the previous case, since (oi,... ,ar) now 
labels the SO{d—3) subgroup of the transverse little group SO{d—2). In 
four dimensions, there is no such group and the states are simply labelled 
by an additional space-like vector of constant magnitude. These span 
two distinct representations, called “continuous spin representations” by 
Wigner in his original work [2]. They are characterized by a space-like 
Pauli-Lubanski vector, and describe a massless state with an infinite num¬ 
ber of integer-spaced helicities. 
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It is interesting to ask what happens to these representations in dimensions 
higher than four and when supersymmetry is added in [23]. Firstly the two rep¬ 
resentations above in d = 4 span either integer helicities or half-integer helicities 
and the sum of the two is really the representation of the superPoincare algebra. 
Unlike (3-1-1) dimensions, there are infinite numbers of CSRs in higher dimen¬ 
sions. The states are as said above no longer characterized by the light-cone 
little group, but by its subgroup orthogonal to T*, which we call the ’short little 
group’, in order to have a commuting set of operators to classify the states. For 
arbitrary dimensions the representations are hence labeled both by the length 
of a space-like translation vector (the eigenvalue of T*) and the Dynkin indices 
of the short little group SO(d — 3). Continuous spin representations are in 
one-to-one correspondence with representations of the short little group. 

Let us consider specifically the case of eleven dimensions. It is particularly 
interesting because of its connection to the elusive M-theory. In eleven dimen¬ 
sions the short little group is 5'0(8) that leaves the light-cone translation vector 
T invariant. We decompose the supercharge in d = II into two 8-component 
supercharge, and , each transforming as a different 5'0(8) spinor. They 
can both be used to build up supermultiplets that will be representations of the 
superPoincare algebra. These are well known in 10-dimensional superphysics 
and we would get the representations of type IIA and IIB supergravity which 
have N = 2 supersymmetry as well as the iV = 1 representations of which the 
simplest is the SuperYang-Mills above. These representations will then all be 
increased to be Continuous Spin Representations. 

So far these representations have not entered into any realistic physics model 
but they have appeared in an interesting study of tensionless strings by Savvidy [24]. 


7 Concluding remarks 

In this lecture I have shown that all the known quantum field theories follow 
by studying representations of the Poincare algebra. What we get though is 
essentially the part of them which is amenable to perturbation theory, ie as 
expansions in a coupling constant. We have learnt in recent years that quantum 
field theories are very much richer than what meets the eye in a perturbation 
expansion. The formalism here is not suitable for such studies. It is very hard if 
possible to study non-perturbative effects such as solitons, magnetic monopoles, 
branes and various forms of duality. However, the formalism is a complement 
to other studies, and it is very useful for certain studies about finiteness in 
perturbations expansions, which is one of the crucial tests of a quantum gravity 
theory. 
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